Abstract. For a finite dimensional algebra A over a field k, the inherent Abimodules which include A and its k-dual D(A), as well as those derived from them by iteratively taking their left or right A-duals or higher extensions, are crucial in many considerations. We study the properties of these bimodules, mainly of Hom A (D(A), A) (called the canonical A-bimodule) , and utilize them to provide new characterizations of Morita algebras and the dominant dimension of A.
Introduction
Given a finite dimensional algebra A over a field k, there are two natural Abimodules, namely the algebra A itself and its k-dual D(A). Without any doubt, they are of central importance in all aspects of the study of A. [1] . Our interest in the canonical A-bimodule V and the other derived A-bimodules is mainly motivated by [11, 12, 14] . In [11] , the property V ∼ = A as A-bimodules is proved to characterize gendo-symmetric algebras, a class of algebras that are endomorphism algebras of generators over symmetric algebras, and with this property the vanishing of Ext i A (D(A), A) gives a cohomological characterization of the dominant dimension of A. In [14] , more properties of V like the faithfulness, the double centralizer property and the isomorphism V ∼ = A as one-sided A-modules are studied. These properties characterize a larger class of algebras called Morita algebras in [14, 27] .
In this paper we make an extensive study of the properties of the canonical bimodule V as well as the other bimodules from the series ( †), and by relating these bimodules to the dominant dimension of the algebra A we obtain new characterizations of Morita algebras and dominant dimension. More precisely, we compare the left and right module structures on V (known as the left right symmetry problem for a bimodule) and obtain as our first main results several characterizations of the algebras whose canonical bimodules are projective or injective as one-sided modules. We compare the left and right A-duals of V and prove in section 4 that for an algebra A of dominant dimension at least two, the two A-duals are isomorphic as A-bimodules exactly when A is a Morita algebra, or equivalently
as A-bimodules (Theorem 4.8). The double dual functors are left exact for algebras of dominant dimension at least two by [7, 8] . Studying their right derived functors, we deduce a new characterization of dominant dimension in terms of vanishing of these right derived functors (Theorem 4.1). Moreover, we obtain a restricted Grothendick spectral sequence whose E 2 -page consists of the bimodules from the series ( †) (Theorem 4.5). Applying this spectral sequence, we prove that for an algebra A (Theorem 4.7)
domdim A ≥ 2 ⇐⇒ D(A) ⊗ A V ⊗ A D(A) ∼ = D(A) as A-bimodules.
This result generalizes the main results of [11, 14] in full generality and exhibits the crucial role of the canonical bimodules in the theory of dominant dimension for the first time. As another application of the spectral sequence, we reprove the characterization of dominant dimension for gendo-symmetric algebras ( [11, Proposition 3.3] ) and generalize it to a characterization of dominant dimension for Morita algebras.
Preliminaries
Throughout, algebras are finite dimensional associative k-algebras, where k is an arbitrary field. All modules are finite dimensional left modules, and all morphisms operate on the left and are left module morphisms unless stated otherwise. Let A be an algebra. We denote by A op the opposite algebra of A, and by A-mod the category of left A-modules. Thus A op -mod is the category of right A-modules. Let D = Hom k (−, k) be the duality between A-mod and A op -mod. For an A-module M , we denote by add(M ) the full subcategory of A-mod consisting of direct summands of finite direct sums of M . We also denote by proj. dim M and inj. dim M the projective and injective dimensions of M respectively.
An algebra A is called basic if every indecomposable direct summand of the (left) regular module A is multiplicity-free. For θ ∈ Aut k (A) an automorphism of the algebra A and M an A-module, we denote by θ M the A-module, which equals M as a k-vector space, and the A-module structure is defined by a · m = θ(a)m for all a ∈ A and m ∈ θ M . If M is a right A-module, M θ is defined analogously. For an anti-automorphism τ of the algebra A and a right A-module N , we denote by τ N the A-module, which equals N as a k-vector space, and the A-module structure is defined by a · n = nτ (a) for a ∈ A and n ∈ τ N . Similarly the right A-module N 2.1. Dominant dimension. Dominant dimension was introduced by Nakayama in his study of complete homology theory and systematically studied later by Tachikawa, Morita, Müller and many others; see [7, 16, 17, [23] [24] [25] [26] and also [9-12, 14, 27] for some recent developments. [17, 26] . Note that if domdim A ≥ 1, then the injective hull of the regular module is faithful and projective. If domdim A ≥ 2, then any faithful projective injective A-module P has the double centralizer property, that is, End R (P ) ∼ = A, where R = End A (P ). We remark that dominant dimension at least 2 has been used to characterize algebras of finite representation type [2] and to give computationfree proofs of Schur-Weyl type dualities in algebraic Lie theory [13] . Large dominant dimension is naturally related to self-orthogonality, which is crucial in higher Auslander theory developed by Iyama and the cover theory developed by Rouquier [10, 20] . In the following, we recall some known characterizations of dominant dimension; see also [4, 7, 10-12, 17, 26] and the references therein.
Let A be an algebra. The double dual functor is defined by
Here the right A-modules Hom A (M, A) and A are regarded as A op -modules naturally. Let ξ : Id → Γ be the natural transformation such that ξ M (m)(f ) = f (m) for any m ∈ M and f ∈ Hom A (M, A). M is called torsionless (respectively reflexive) if ξ M is a monomorphism (respectively an isomorphism). [7] 
Theorem 2.2 (Colby-Fuller
Proof. We assume first that fAf is a basic algebra. Since fA is a projective injective right A-module, D(fA) ∼ = Ae as A-modules for some idempotent e ∈ A. Thus
as algebras. Via these isomorphisms, the right eAe-module Ae becomes a right fAf-module, and D(fA) ∼ = Ae as (A, f Af )-bimodules. Since domdim A op = domdim A ≥ 2, Ae has the double centralizer property, that is, A ∼ = End (eAe) op (Ae) canonically. For any A-module M , let θ M be the composite of the following isomorphisms:
where the last isomorphism follows, since
Since all isomorphisms in the construction of θ M are canonical, thus independent of M , it follows that {θ M } defines a natural equivalence θ from Γ to G.
In order to show that η M = θ M • ξ M , we shall make these isomorphisms explicit, and for this, we fix an isomorphism τ : Ae
∼
In general, if fAf is not basic, we may choose an idempotent f 0 of A such that f 0 f = f 0 = ff 0 , f 0 Af 0 is basic and fAf is Morita equivalent to f 0 Af 0 . Consequently, f 0 A is a faithful projective and injective right A-module, and there is the canonical isomorphism of A-modules
for any M ∈ A-mod. Let G 0 be the analogous endo-functor of A-mod and η 0 M : Id → G 0 be the corresponding natural transformation, associated with f 0 . Then
2.2. Morita algebras. Morita algebras were first studied by Morita [15] as endomorphism rings of generators over self-injective algebras, though named and systematically studied later by Kerner and Yamagata in [14, 27] . The subclass of Morita algebras consisting of endomorphism rings of generators over symmetric algebras, called gendo-symmetric algebras, was introduced and studied independently by Fang and Koenig in [11, 12] ; see also [9] for an application in algebraic Lie theory. (1) A is the endomorphism ring of a generator over a self-injective algebra.
(2) There is a self-dual idempotent e ∈ A such that Ae is a faithful A-module,
In (2), the idempotent e being self-dual implies that D(eA) ∼ = Ae as A-modules. Hence Ae is a projective injective A-module, and D(eA) θ ∼ = Ae as (A, eAe)-bimodules for some automorphism θ of eAe which induces an eAe-bimodule isomorphism D(eAe) θ ∼ = eAe. The self-injective algebra in (1) is Morita equivalent to eAe for some basic idempotent e described in (2) .
Recall that an algebra A is said to be Proof. Let P = P ⊕r 1 
1
⊕ · · · ⊕ P ⊕r n n be a decomposition of P into indecomposable direct summands in A-mod. Let e i be the composition of the projection P P i and the embedding P i → P , for each 1 ≤ i ≤ n. Then {e 1 , . . . , e n } forms a set of primitive orthogonal idempotents in End A (P ) op ∼ = A. By Lemma 2.11, it follows that e := e 1 + · · · + e n is a basic idempotent of A such that e Ae is Morita equivalent to A. In particular, Ae ∼ = Ae as A-modules, and hence eAe ∼ = e Ae . Identifying these two algebras, we may assume without loss of generality that e = e = e 1 + · · · + e n . Since P i is indecomposable projective in A-mod, it follows that P i ∼ = Ae σ(i) for some permutation σ of {1, . . . , n}, and
in A-mod. As a result, Ae ∼ = Hom A (P, A)e as A-modules, and there exists an automorphism θ of eAe such that (Ae) θ ∼ = Hom A (P, A)e as (A, eAe)-bimodules.
The canonical bimodule
As we have seen, given an algebra A, the A-bimodule Hom A (D(A), A) is not only natural in itself but also crucial in constructions of (higher) preprojective algebras ( [1, 18] ) and characterizations of Morita algebras ( [11, 12, 14, 27] ). In this section, we first, for simplicity, make a definition of the bimodule, then we study its behavior under Morita equivalences, the left right symmetry on projectivity and injectivity, and its left and right A-duals. Proof. See [14, Lemma 1.7] . For convenience, here we write an explicit isomorphism
Therefore ι is an A-bimodule isomorphism since ι is trivially a k-vector space isomorphism.
Proposition 3.3. Let V (A) and V (B) be the canonical bimodules for the algebras A and B respectively. If F : A-mod

∼ → B-mod is a Morita equivalence, then the induced equivalence from
A ⊗ k A op -mod to B ⊗ k B op -mod sends V (A) to V (
B). In particular, V (A) is projective (respectively, injective, a generator, a cogenerator) in A-mod if and only if so is V (B) in B-mod.
Proof. It suffices to show the case where B = eAe for e an idempotent in A and the Morita equivalence F is given by F (M ) = eM for any M ∈ A-mod. The induced equivalence from the category of A-bimodules to the category of eAe-bimodules is then given by W → eW e for any A-bimodule W . In particular, the image of V (A) is 
3.1.
The left right symmetry on the bimodule structure. Given a bimodule W over an algebra A, the left right symmetry problem means to compare the left and right A-module structures on W . As is well known, this is a hard problem in general, even for the A-bimodule A. The definition of the canonical A-bimodule V apparently depends on the one-sided module structure on A and D(A), but Lemma 3.2 tells us that V is independent of the left right balance of A. This seems to shed some light on the left right comparability of V itself. However, the following example indicates that one should not expect too much. Example 1. Let k be any field, and let A be the k-algebra defined by the quiver 
as A-modules. On the other hand,
as right A-modules; here S 4 is the simple head of the projective right A-module e 4 A. As a result, A is not a Morita algebra, and V is projective as an A-module, but not projective as a right A-module. We shall come back to this example in section 3.2. Despite this example, the following results imply that for Morita algebras, the canonical bimodule V exhibits a certain kind of left right symmetry on the bimodule structure. 
Proof. Since A is a Morita algebra, the canonical A-bimodule V has the property (Definition 2.7(4) and (5)) A op ∼ = End A (V ) and A ∼ = End A op (V ). By Theorem 2.10, it follows that (1) ⇔ (4) and (2) ⇔ (3). By Lemma 2.11, (1) ⇔ (2) follows from (
Proof. Since A is a Morita algebra, by Definition 2.7(2) and (3), domdim A ≥ 2 and there is a self-dual idempotent e ∈ A such that Ae is a faithful projective injective A-module. Note that (1) ⇔ (2) and (3) ⇔ (4) follow by similar arguments in the proof of Proposition 3.4. 
→ (Ae)
⊕m in A-mod. Now if V is injective in A-mod, then u * splits. Thus, as a direct summand of (Ae) ⊕m , the module V is projective and injective in A-mod. By Proposition 3.4, it then follows that V is a projective injective generator in A-mod and, in particular, that A ∈ add(V ) is projective and injective. So A is self-injective. We now formulate the main result on the left right symmetry of V , which may also be viewed as a generalization of Corollary 2.12 for Morita algebras. We recall that, for a self-dual idempotent e of an algebra A, there is an automorphism θ of the algebra eAe such that D(eAe) θ ∼ = eAe as eAe-bimodules, so eAe is a Frobenius algebra with θ = ν eAe , a Nakayama automorphism of eAe; see [14 
(1) ⇒ (3) As noticed above, A is a Morita algebra. Let e be a self-dual idempotent of A such that Ae is a faithful A-module. Then eAe is a Frobenius algebra and D(eA) ν ∼ = Ae as (A, eAe)-bimodules for a Nakayama automorphism ν of eAe. Note that V being projective in A-mod implies that V is a progenerator in 
as A-bimodules. Together with add (eAe) op (Ae) = add (eAe) op (Ae ν ), we then get
which implies that V is a projective right A-module. In general, let e 0 be a basic idempotent so that B 0 = e 0 Be 0 is Morita equivalent to B. By Corollary 2.9, we may choose the Nakayama automorphism ν B so that ν B (e 0 ) = e 0 . Then the restriction of ν B to e 0 Be 0 , denoted by ν, is a Nakayama automorphism of B 0 , M 0 = Me 0 is a faithful right B 0 -module with 
By Proposition 3.3, the canonical A op -bimodule is isomorphic to τ V τ and is isomorphic to V by Lemma 3.2. As a result,
Consequently, V is projective as an A-module if and only if V ∼ = F (V ) is projective as a right A-module.
The following two examples serve as a complement to Theorem 3.6 and Corollary 3.7.
Example 3 (cf. [14, Example 3.7] ). Let k be any field, and let A be the k-algebra defined by the quiver Example 4. Let k be any field, and let A be the k-algebra defined by the quiver 
More generally, for any non-semisimple tilted algebra A, we have gl. dim A ≤ 2.
Notice that the Ext-quiver of A contains no oriented cycles. It follows that A is not a Morita algebra and V is projective as both left and right A-modules by Proposition 3.8. Indeed, if A is a non-semisimple Morita algebra with Ae being a minimal faithful A-module, then eAe is a non-semisimple Frobenius algebra whose Ext-quiver must contain an oriented cycle. As a result, the Ext-quiver of A must also contain an oriented cycle, which is a contradiction.
Projective dimension.
For simplicity, we denote by τ the Auslander-Reiten translation τ A in A-mod or τ A op in A op -mod whenever there is no confusion arising from the context (see [2] for more details on Auslander-Reiten translations). ( 
? ? 
Proof. Since domdim A ≥ 2, there exists an idempotent e of A such that eA is a projective, injective and faithful right A-module, and D(eA) ∼ = Af as A-modules, for some idempotent f in A. By [17, Lemma 6] , there is a minimal injective presentation of A in A ⊗ k A op -mod:
. Applying Hom A (V, −) to the sequence, we obtain the following exact sequence in A ⊗ k A op -mod (particularly in A op -mod):
In particular, domdim 
It follows that both α and β are A-bimodule morphisms. Since domdim A ≥ 2, there exists an idempotent f ∈ A such that fA is a faithful projective injective right A-module. By Proposition 2.5, there is the commutative diagram in A-mod:
where G is the endo-functor of A-mod and η : Id → G is the natural transformation from Proposition 2. 
Applying Hom fAf (fA, −) to these monomorphisms, we obtain in the category of A-bimodules Proof. By Definition 2.7(2), there exists a basic self-dual idempotent f of A such that Af is a faithful injective A-module, and there exists an exact sequence in A-mod,
Here the last isomorphism follows since domdim
Similarly we have domdim A op Hom A op (V, A) ≥ 2. Applying Proposition 3.13, we obtain Hom
Remark. With the assumption domdim A ≥ 2, Corollary 3.14 will be completed in section 4 to provide a new characterization for Morita algebras.
Characterizing dominant dimension
Though the definition of dominant dimension (Definition 2.1) and Müller's characterization (Theorem 2.4) have nothing to do with the bimodules constructed from A and D(A), by taking left and right A-duals and extensions, Theorem 2.2 and [11] exhibit the use of these bimodules in characterizing dominant dimension. Note that by Theorem 2.2, one would expect that the larger the dominant dimension of A, the better the exactness of Γ is. The Nakayama conjecture says that if domdim A = ∞, then Γ is exact. In the following, we first consider the right derived functor of Γ, since Γ is left exact when domdim A ≥ 2. Let R i Γ denote the i-th right derived functor of Γ. 
In order to compute R i Γ, we need the technique of Grothendieck spectral sequences.
Lemma 4.2. The following diagram commutes, up to natural equivalences:
A-mod
canonically, where the first isomorphism follows by the k-duality D and the second isomorphism follows by the tensor-hom adjunction.
− → C be additive covariant functors between abelian categories. Assume that A and B have enough injective objects and F is left exact. Let M be an object in A , and let
Then there exists a restricted first quadrant Grothendieck spectral sequence with the E 2 page given by
Proof. Following the standard arguments on spectral sequence (cf. [19, Theorem 10 .47]), we consider an injective resolution of G(
Applying F to the sequences, we obtain a first quadrant cohomological bicomplex {F (I i,j )}. The first type filtration of the total complex of {F (I i,j )} gives rise to the spectral sequence
The second type filtration of the total complex of {F (I i,j )} gives rise to the spectral sequence
By standard arguments on convergence of spectral sequences, it follows that 
where Ω n M denotes the n-th syzygy of M . So now we have that Tor At first sight, Theorem 4.5 is weak from the practical point of view, though it fits the idea of characterizing dominant dimension by using only certain bimodules. Next, we give three applications to demonstrate how it is applied. 4.1. Dominant dimension at least 2. Though the dominant dimension of an algebra may have values from 0 to ∞, the strength of the theory on dominant dimension only shines when the dominant dimension is at least 2, as we have seen from the fundamental results like Theorem 2.3 and Theorem 2.2. However, to see whether an algebra has dominant dimension at least 2, there seem to be no good ways except using the definition itself, or Theorem 2.4 by detecting projective injective modules and verifying the double centralizer property, or Theorem 2.2 by checking the left exactness of the double dual functor Γ. On the other hand, the theory of gendo-symmetric algebras and Morita algebras opens a new approach to the problem by investigating the canonical bimodules. Next, we follow this approach to give a characterization of dominant dimension at least 2 in terms of the bimodules, constructed from the left and right A-duals of A and D(A). 
Then 
To see ρ i is well-defined, we observe that
is an A-module morphism, and for any a ∈ A,
obtain that ρ i is a split epimorphism, and thus f i A are injective right A-modules for
Recall from the proof of Proposition 3.13 that there are canonical A-bimodule morphisms α and β. (
Proof. Observe that (2)', (3)' ⇒ (4) ⇒ (2), (3) are trivial by the tensor-hom adjunction. Since domdim A = domdim A op , it suffices to prove (1) ⇒ (2)' and (2) ⇒ (1).
(1) ⇒ (2)' Since domdim A ≥ 2, we have by Theorem 4.5 and Lemma 3.2 that Hom A (V, A) ).
On the other hand, since domdim A ≥ 1, by the proof of Proposition 4.6, Φ is an injective morphism. Altogether, Φ is an isomorphism. 
Applying Hom A (V, −) to the sequence, we have the exact sequence of A-modules
Applying Hom A (D(A), −) to this sequence, we have the exact sequence of Amodules
Note that there are isomorphisms of A-modules
and isomorphisms of right A-modules
and by using the A-bimodule isomorphism Φ, we get an exact sequence
Applying Hom A op (−, A) to an epimorphism A ⊕m → V in A op -mod, for some m > 0, we know that Hom A op (V, A) is isomorphic to a submodule of the free A-module A ⊕m , and therefore we obtain an exact sequence in A-mod,
for some n, which shows that domdim A ≥ 2. 
Characterizing Morita algebras.
The following result shows that the converse of Corollary 3.14 holds.
Theorem 4.8. Let
A be an algebra of dominant dimension at least 2. Then the following statements are equivalent.
Proof.
(1) ⇒ (2) follows from Corollary 3.14, and (2) ⇔ (3) follows from Proposition 3.13, and (2) ⇔ (2)' follows by the tensor-hom adjunction. To finish the proof, it suffices to show (2) ⇒ (1). Since Hom A (V, A) ∼ = Hom A op (V, A) as A-bimodules, it follows by Theorem 4.7 that
In particular, V is a faithful A-module, and hence it follows from Definition 2.7(3) that A is a Morita algebra.
Example 7.
The following example shows that the assumption domdim A ≥ 2 in Theorem 4.8 is necessary. Let k be any field and A be the k-algebra given by quiver
and relations αβ = 0, δα = 0. Then it is straightforward to check that domdim A = 1, and As an application, we obtain [11, Proposition 3.3] as a corollary. 
